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Abstract
A q-analogue of r-Whitney numbers of the second kind, denoted by Wm,r[n, k]q , is defined by means
of a triangular recurrence relation. In this paper, several fundamental properties for the q-analogue
are established including other forms of recurrence relations, explicit formulas and generating functions.
Moreover, a kind of Hankel transform for Wm,r[n, k]q is obtained.
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1 Introduction
Several mathematicians developed a way of obtaining a generalization of some special numbers. One gener-
alization is a q-analogue of these special numbers. A q-analogue is a mathematical expression parameterized
by a quantity q that generalizes a known expresssion and reduces to the known expression in the limit,
as q → 1. For instance, a polynomial ak(q) is a q-analogue of the polynomial ak if lim
q→1
ak(q) = ak. The
q-analogue of n, n!, (n)k and
(
n
k
)
are respectively given by
[n]q = 1 + q + q
2 + · · ·+ qn−1 =
1− qn
1− q
;
[n]q! = [n]q[n− 1]q · · · [2]q[1]q;
[n]k,q = [n]q[n− 1]q · · · [n− k + 1]q;[
n
k
]
q
=
[n]q!
[k]q![n− k]q!
=
[n]k,q
k!
.
The polynomials
[
n
k
]
are usually called the q-binomial coefficients. These polynomials possess several prop-
erties including the q-binomial inversion formula
fn =
n∑
k=0
[
n
k
]
q
gk ⇐⇒ gn =
n∑
k=0
(−1)n−kq(
n−k
2
)
[
n
k
]
q
fk. (1)
1
and certain generating function
n∑
k=0
q(
k
2
)
[
n
k
]
q
xk = (1 + x)(1 + xq)(1 + xq2) · · · (1 + xqn−1).
The q-binomial inversion formula is a q-analogue of the binomial inversion formula [6]
fn =
n∑
k=0
(
n
k
)
gk ⇐⇒ gn =
n∑
k=0
(−1)n−k
(
n
k
)
fk. (2)
A q-analogue of both kinds of Stirling numbers was first defined by Carlitz in [2]. The second kind of
which, known as q-Stirling numbers of the second kind, is defined in terms of the following recurrence relation
Sq[n, k] = Sq[n− 1, k − 1] + [k]qSq[n− 1, k] (3)
in connection with a problem in Abelian groups, such that when q → 1, this gives the triangular recurrence
relation for the classical Stirling numbers of the second kind S(n, k)
S(n, k) = S(n− 1, k − 1) + kS(n− 1, k). (4)
A different way of defining q-analogue of Stirling numbers of the second kind has been adapted in the paper
by [13] which is given as follows
Sq[n, k] = q
k−1Sq[n− 1, k − 1] + [k]qSq[n− 1, k]. (5)
This type of q-analogue gives the Hankel transform of q-exponential polynomials and numbers which are
certain q-analogue of Bell polynomials and numbers.
Using the method of Aigner [1] and Mezo [22], R. Corcino and C. Corcino [9] have successfully established
the Hankel transform H(Gn,r,β) of the sequence of generalized Bell numbers which is given by
H(Gn,r,β) =
n∏
j=0
βjj!
where Gn,r,β is the sum of (r, β)-Stirling numbers
{
n
k
}
r,β
, that is,
Gn,r,β =
n∑
k=0
{
n
k
}
r,β
(see [8, 10]). These numbers are also known as (r, β)-Bell numbers. In the same paper [9], the authors have
tried to establish the Hankel transform for the q-analogue of Rucinski-Voigt numbers [12], which are also
equivalent to (r, β)-Bell numbers. However, the authors were not successful in their attempt. Recently, by
introducing a new way of defining the q-analogue of Stirling-type and Bell-type numbers, R. Corcino et al.[7]
were able to establish the Hankel transform for the q-analogue of non-central Bell numbers. One can easily
verify that non-central Bell numbers are special case of (r, β)-Bell numbers (or Rucinski-Voigt numbers or
r-Dowling numbers). In the desire to establish the Hankel transform of q-analogue of r-Dowling numbers,
the present authors have made the initiative to define and investigate a q-analogue of r-Whitney numbers
of the second kind parallel to the q-analogues of noncentral Stirling numbers of the second kind in [7]. It
is worth-mentioning that r-Whitney numbers of the second kind and r-Dowling numbers are equivalent to
(r, β)-Stirling numbers and (r, β)-Bell numbers, respectively.
2
2 A q-Analogue of Wm,r(n, k) and Recurrence Relations
Now, let us introduce the desired definition of the q-analogue of r-Whitney numbers of the second kind.
Definition 2.1. For non-negative integers n and k, a q-analogue Wm,r[n, k]q of Wm,r(n, k) is defined by
Wm,r[n, k]q = q
m(k−1)+rWm,r[n− 1, k − 1]q + [mk + r]qWm,r[n− 1, k]q. (6)
where Wm,r[0, 0]q = 1,Wm,r[n, k]q = 0 for n < k or n, k < 0 and [t− k]q =
1
qk
([t]q − [k]q).
Remark 2.2. When q → 1, the above definition will reduce to the recurrence relation of the r-Whitney
numbers of the second kind established by Mezo which is given by
Wm,r(n, k) = Wm,r(n− 1, k − 1) + (mk + r)Wm,r(n− 1, k).
Remark 2.3. It can easily be verified that
Wm,r[n, 0] = [r]
n
q .
By proper application of (6), we can easily obtain two other forms of recurrence relations and certain
generating function.
Theorem 2.4. For nonnegative integers n and k, the q-analogue Wm,r[n, k]q satisfies the following vertical
and horizontal recurrence relations:
Wm,r[n+ 1, k + 1]q = q
mk+r
n∑
j=k
[m(k + 1) + r]n−jq Wm,r[j, k]q (7)
Wm,r[n, k]q =
n−k∑
j=0
(−1)jq−r−m(k+j)
rk+j+1,q
rk+1,q
Wm,r[n+ 1, k + j + 1]q (8)
respectively, where
ri,q =
i−1∏
h=1
q−r−mh+m[mh+ r]q
with initial value Wm,r[0, 0]q = 1.
Proof. Replacing n by n+ 1 and k by k + 1 in (6) gives
Wm,r[n+ 1, k + 1]q = q
m(k)+rWm,r[n, k]q + [m(k + 1) + r]qWm,r[n, k + 1] (9)
Applying repeatedly by (6) gives
Wm,r[n+ 1, k + 1]q = q
m(k)+rWm,r[n, k]q + [m(k + 1) + r]q
(qmk+rWm,r[n− 1, k]q + [m(k + 1) + r]qWm,r[n− 1, k]q)
= qm(k)+rWm,r[n, k]q + [m(k + 1) + r]qWm,r[n− 1, k]q + [m(k + 1) + r]
2
(qmk+rWm,r[n− 2, k]q + [m(k + 1) + r]qWm,r[n− 2, k])
+ · · ·+ [m(k + 1) + r]n−kq (q
mk+rWm,r[k + 1, k + 1]q)
3
Using the fact that Wm,r[k + 1, k + 1]q = Wm,r[k, k]q, we obtain (7). Now, to prove (8), we have to rewrite
the right-hand side (RHS) of the relation using (6) as follows
RHS =
n−k∑
j=0
(−1)jq−r−m(k+j)
rk+j+1,q
rk+1,q
(
q
m(k+j)+r
Wm,r[n, k + j]q + [m(k + j + 1) + r]qWm,r[n, k + j + 1]q
)
=
n−k∑
j=0
(−1)jq−r−m(k+j)
rk+j+1,q
rk+1,q
q
m(k+j)+r
Wm,r[n, k + j]q
+
n−k∑
j=0
(−1)jq−r−m(k+j)
rk+j+1,q
rk+1,q
[m(k + j + 1) + r]qWm,r[n, k + j + 1]q
=
n−k∑
j=0
(−1)j
rk+j+1,q
rk+1,q
Wm,r[n, k + j]q
+
n−k∑
j=1
(−1)j−1q−r−m(k+j−1)
∏k+j−1
h=1 q
−r−mh+m[mh+ r]q∏k
h=1 q
−r−mh+m[mh+ r]q
[m(k + j) + r]qWm,r[n, k + j]q
Note that
k+j−1∏
h=1
q
−r−mh+m[mh+ r]
q
= (q−r−m+m[m+ r]q)(q
−r−m(2)+m[m(2) + r]q)
· · · (q−r−m(k+j−1)+m[m(k + j − 1) + r]q).
Now, we have
RHS =
n−k∑
j=0
(−1)j
rk+j+1,q
rk+1,q
Wm,r[n, k + j]q
+
1∏k
h=1 q
−r−mh+m[mh+ r]q
n−k∑
j=1
(−1)j−1q−r−m(k+j−1)(q−r−m+m[m+ r]q)
(q−r−m(2)+m[m(2) + r]q) · · · (q
−r−m(k+j−1)+m[m(k + j − 1) + r]q)[m(k + j) + r]qWm,r[n, k + j]q
=
n−k∑
j=0
(−1)j
rk+j+1,q
rk+1,q
Wm,r[n, k + j]q +
n−k∑
j=0
(−1)j−1
rk+j+1,q
rk+1,q
Wm,r[n, k + j]q
= Wm,r[n, k]q
This proves the theorem.
Theorem 2.5. A horizontal generating function of Wm, r[n, k]q is given by
n∑
k=0
Wm,r[n, k]q[t− r|m]k,q = [t]
n
q . (10)
Proof. We will prove this by induction on n. It is easy to verify that (10) holds when n = 0.
Wm,r[0, 0][t− r|m]0,q = 1 = [t]
0
q
Now, suppose that it is true for some n ≥ 0. That is,
n∑
k=0
Wm,r[n, k]q[t− r|m]k,q = [t]
n
q . (11)
4
Then
n+1∑
k=0
Wm,r[n+ 1, k]q [t− r|m]k,q
=
n+1∑
k=0
{{
q
m(k−1)+r
Wm,r[n, k − 1]q + [mk + r]qWm,r[n, k]q
}
[t− r|m]k,q
}
=
n+1∑
k=0
q
m(k−1)+r
Wm,r[n, k − 1]q [t− r|m]k,q +
n+1∑
k=0
[mk + r]qWm,r[n, k]q [t− r|m]k,q
=
n∑
k=1
q
m(k)+r
Wm,r[n, k]q [t− r|m]k+1,q +
n∑
k=0
[mk + r]qWm,r[n, k]q[t − r|m]k,q
=
n∑
k=0
q
m(k)+r
Wm,r[n, k]q [t− r|m]k,q[t− r − km]q +
n∑
k=0
[mk + r]qWm,r[n, k][t− r|m]k,q.
Since [t− k]q =
1
qk
([t]q − [k]q), letting k = r + km, we have,
[t− r − km]q = q
−(km+r)([t]q − [km+ r]q).
Finally,
n+1∑
k=0
Wm,r[n+ 1, k]q[t − r|m]k,q
=
n∑
k=0
q
m(k)+r
Wm,r[n, k]q [t− r|m]k,qq
−(m(k)+r)([t]q − [km+ r]q)
+
n∑
k=0
[mk + r]qWm,r[n, k]q [t− r|m]k,q
=
n∑
k=0
[t]qWm,r[n, k]q [t− r|m]k,q
= [t]q
n∑
k=0
Wm,r[n, k]q [t− r|m]k,q = [t]q [t]
n
q = [t]
n+1
q
This proves the theorem.
3 Explicit Formula and Generating Function
Explicit formulas and generating functions of a given sequence of numbers or polynomials are useful tools in
giving combinatorial interpretation of the numbers or polynomials. In the subsequent theorems, we establish
the exponential and rational generating functions and explicit formulas for Wm,r[n, k]q.
A q-analogue of the difference operator, denoted by ∆nq,h, also known as q-difference operator of order n,
was defined by the rule
∆nq,hf(x) =

n−1∏
j=0
(Eh − q
j)

 f(x), n ≥ 1, (12)
where Eh is the shift operator defined by Ehf(x) = f(x+ h). When h = 1, we use the notation
∆nq,h = ∆
n
q (13)
5
This operator was thoroughly discussed in [9][19]. By convention, it is defined that ∆0q,h = 1 (identity map).
The following is the explicit formula for the q-difference operator
∆kq,hf(x) =
k∑
j=0
(−1)k−jq(
k−j
2
)
[
k
j
]
q
f(x+ jh). (14)
The new q-analogue of Newton’s Interpolation Formula in [19] states that, for
fq(x) = a0 + a1[x− x0]q + · · ·+ ak[x− x0]q[x− x1]q · · · [x− xk−1]q,
we have
fq(x) = fq(x0) +
∆qh,hfq(x0)[x − x0]q
[1]qh ![h]q
+
∆2
qh,h
fq(x0)[x− x0]q[x− x1]q
[2]qh ![h]2q
+ · · ·+
∆k
qh,h
fq(x0)[x− x0]q[x− x1]q · · · [x− xk−1]q
[k]qh ![h]kq
where xk = x0 + kh, k = 1, 2, · · · such that when x0 = 0 and h = m this can be simplified as
fq(x) = fq(0) +
∆qm,mfq(0)[x]q
[1]qm ![m]q
+
∆2qm,mfq(0)[x]q[x−m]q
[2]qm ![m]2q
+ · · ·+
∆kqm,mfq(0)[x]q [x−m]q · · · [x−m(k − 1)]q
[m]qm ![m]kq
.
Using (10) with t = x, we get
n∑
k=0
Wm, r[n, k]q[x− r|m]k,q = [x]
n
q (15)
which can be expressed further as
n∑
k=0
Wm,r[n, k][x]q[x−m]m[x− 2m]q · · · [x− (k − 1)m] = [x+ r]
n
q (16)
Let fq(x) = [x + r]
n
q and Wm,r[n, k]q =
∆kqm,mf(q(0)
[k]qm ![m]kq
. By proper application of the above Newton’s
Interpolation Formula and the identity in (14), we get
∆fqm,mfq(x) =
k∑
j=0
(−1)k−jqm(
k−j
2
)
[
k
j
]
qm
fq(x+ jm)
=
k∑
j=0
(−1)k−jqm(
k−j
2
)
[
k
j
]
qm
[x− r + jm]nq
Evaluating at x = 0 yields
∆fqm,mfq(0) =
k∑
j=0
(−1)k−jqm(
k−j
2
)
[
k
j
]
qm
[r + jm]nq ,
which gives the following explicit formula for Wm,r[n, k]q.
Theorem 3.1. The explicit formula for Wm,r[n, k]q is given by
Wm,r[n, k]q =
1
[k]qm ![m]kq
k∑
j=0
(−1)k−jqm(
k−j
2
)
[
k
j
]
qm
[jm+ r]nq . (17)
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Remark 3.2. The above theorem reduces to
Wm,r(n, k) =
1
k!mk
k∑
j=0
(−1)k−j
(
k
j
)
(jm+ r)n
when q → 1, which is exactly the explicit formula of the r−Whitney numbers of the second kind.
Remark 3.3. For brevity, (17) can be expressed as
Wm,r[n, k]q =
1
[k]qm ![m]kq
[
∆kqm,m[x+ r]
n
q
]
x=0
(18)
Theorem 3.4. For nonnegative integers n and k, the q-analogue Wm,r[n, k]q has a generating function
∑
n≥0
Wm,r[n, k]q
[t]nq
[n]q!
=
1
[k]qm![m]kq
[
∆qm,mkeq
(
[x+ jm+ r]q [t]q
)]
x=0
. (19)
Proof. Using the formula in Theorem 3.1, we obtain
∑
n≥0
Wm,r[n, k]q
[t]nq
[n]q!
=
∑
n≥0
1
[k]qm![m]kq
k∑
j=0
(−1)k−jqm(
k−j
2
)
[
k
j
]
qm
[jm+ r]nq
[t]nq
[n]q!
=
k∑
j=0
1
[k]qm![m]kq
(−1)k−jqm(
k−j
2
)
[
k
j
]
qm
∑
n≥0
(
[jm+ r]q[t]q
)n
[n]q!
=
1
[k]qm![m]kq
k∑
j=0
(−1)k−jqm(
k−j
2
)
[
k
j
]
qm
eq
(
[jm+ r]q [t]q
)
=
1
[k]qm![m]kq
[
∆qm,mkeq
(
[x+ jm+ r]q[t]q
)]
x=0
.
Remark 3.5. When q → 1, the above theorem becomes
∑
n≥0
Wm,r(n, k)q
tn
n!
=
1
k!(m)k
k∑
j=0
(−1)k−j
(
k
j
)
e(jm+r)t
=
ert
k!(m)k
k∑
j=0
(−1)k−j
(
k
j
)(
emt
)j
=
ert
k!(m)k
(
emt − 1
)k
,
which is the exponential generating function of the r-Whitney numbers of the second kind.
Theorem 3.6. For nonnegative integers n and k, the q-analogue Wm, r[n, k]q satisfies the rational generating
function
Ψk(t) =
∑
n≥k
Wm,r[n, k]q[t]
n
q =
qm(
k
2
)+kr [t]kq∏k
j=0(1− [mj + r]q [t]q)
. (20)
Proof. It can easily be verified that, when k = 0, we obtain
Ψ0(t) =
∑
n≥0
Wm,r[n, 0]q[t]
n
q =
∑
n≥0
[r]nq [t]
n
q =
∑
n≥0
([r]q [t]q)
n
=
1
1− [r]q[t]q
.
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Now, for k ≥ 0 and using the recurrence relation in (6), we obtain
Ψk(t) =
∑
n≥k
Wm,r[n, k]q[t]
n
q =
∑
n≥k
(
qm(k−1)+rWm,r[n− 1, k − 1]q
+[mk + r]qWm,r[n− 1, k]q) [t]
n
q
=
∑
n≥k
qm(k−1)+rWm,r[n− 1, k − 1]q[t]
n
q +
∑
n≥k
[mk + r]qWm,r[n− 1, k]q[t]
n
q
= qm(k−1)+r
∑
n≥k
Wm,r[n− 1, k − 1]q[t]
n
q + [mk + r]q
∑
n≥k
Wm,r[n− 1, k]q[t]
n
q
= qm(k−1)+r[t]q
∑
n≥k
Wm,r[n− 1, k − 1]q[t]
n−1
q + [mk + r]q [t]q
∑
n≥k
Wm,r[n− 1, k]q[t]
n−1
q .
This can be expressed as
Ψk(t) = q
m(k−1)+r [t]qΨk−1(t) + [mk + r]q [t]qΨk(t)
Ψk(t)− [mk + r]q [t]qΨk(t) = q
m(k−1)+r [t]qΨk−1(t)
Ψk(t)(1 − [mk + r]q [t]q) = q
m(k−1)+r [t]qΨk−1(t).
This gives
Ψk(t) =
qm(k−1)+r[t]q
1− [mk + r]q [t]q
Ψk−1(t).
By backward substitution, we get
Ψk(t) =
qm(k−1)+r[t]q
1− [mk + r]q [t]q
·
qm(k−2)+r[t]q
1− [m(k − 1) + r]q [t]q
Ψk−2(t)
=
qm(k−1)+r[t]q
1− [mk + r]q [t]q
·
qm(k−2)+r[t]q
1− [m(k − 1) + r]q [t]q
·
qm(k−3)+r[t]q
1− [mk − 2 + r]q[t]q
Ψk−3(t)
...
Ψk(t) =
qm(
k
2
)+kr[t]kq∏k
j=0
(
1− [mj + r]q[t]q
) .
As a consequence of Theorem 3.6, we have the following explicit formula in symmetric function form.
Theorem 3.7. For nonnegative integers n and k, the explicit formula for Wm,r[n, k]q in the homogeneous
symmetric function form is given by
Wm,r[n, k]q =
∑
0≤j1≤j2≤···≤jn−k≤k
qm(
k
2
)+kr
n−k∏
i=1
[mji + r]q. (21)
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Proof. The rational generating function in Theorem 3.6 can be expressed as
∑
n≥k
Wm,r[n, k]q[t]
n
q = q
m(k
2
)+kr[t]kq
k∏
j=0
1
(1− [mj + r]q [t]q)
= qm(
k
2
)+kr[t]kq
k∏
j=0
∑
n≥0
[mj + r]nq [t]
n
q
= qm(
k
2
)+kr[t]kq ·
∑
n≥k
∑
S1+S2+···Sk=n−k
k∏
j=0
[mj + r]Sjq [t]
Sj
q
= qm(
k
2
)+kr[t]kq
∑
n≥k
∑
S1+S2+···Sk=n−k
k∏
j=0
[mj + r]Sjq [t]
Sj
q
= qm(
k
2
)+kr[t]kq
∑
n≥k
∑
S1+S2+···Sk=n−k
k∏
j=0
[mj + r]Sjq }[t]
n−k
q
= qm(
k
2
)+kr
∑
n≥k
∑
S1+S2+···Sk=n−k
k∏
j=0
[mj + r]Sjq [t]
n
q .
Thus, by comparing the coefficients of [t]nq , we obtain
Wm,r[n, k]q = q
m(k
2
)+kr
∑
S1+S2+···Sk=n−k
k∏
j=0
[mj + r]Sjq ,
which is equivalent to the desired explicit formula in (21).
4 The Hankel Transform
Now, we define another form of q-analogue of r-Whitney numbers of the second kind, denoted byW ∗m,r[n, k]q,
as
W ∗m,r[n, k]q = q
−m(k
2
)−krWm,r[n, k]q.
Then, using equation (21), we have
W ∗m,r[n, k]q =
∑
0≤j1≤j2≤···≤jn−k≤k
n−k∏
i=1
[mji + r]q. (22)
The complete symmetric function of degree n in k variables x1, x2, . . . , xk, denoted by hn(x1, x2, . . . , xk), is
defined by
hn(x1, x2, . . . , xk) =
∑
1≤j1≤j2≤···≤jn≤k
n∏
i=1
xji , (23)
with initial condition h0(x1, x2, . . . , xk) = 1 and hn−k(x1, x2, . . . , xk) = 0 if n < k.
Consider the case where xi = [mi + r]q for i = 0, 1, . . . , k. Hence, we can express the other form of
q-analogue of r-Whitney numbers of the second kind as
W ∗m,r[n+ k, k]q = hn(x0, x1, . . . , xk).
Moreover, it can easily be shown that
W ∗m,r+mk[s, t− k]q = hs−t+k(xk, xk+1, . . . , xt). (24)
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Note that
hn(xk) =
∑
k≤j1≤j2≤···≤jn≤k
n∏
i=1
xji = x
n
k .
So, when t = k, we have
W ∗m,r+mk[s, 0]q = hs(xk) = x
s
k = [mk + r]
s
q. (25)
An A-tableau is a list φ of column c of a Ferrer’s diagram of a partition λ(by decreasing order of length)
such that the lengths |c| are part of the sequence A = (ri)i≥0, a strictly increasing sequence of nonnegative
integers. Let ω be a function from the set of nonnegative integers N to a ring K (column weights according
to length). Suppose Φ is an A-tableau with l columns of lengths |c| ≤ h. We use TAr (h, l) to denote the set
of such A-tableaux. Then, we set
ωA(Φ) =
∏
c∈Φ
ω(|c|).
Note that Φ might contain a finite number of columns whose lengths are zero since 0 ∈ A = {0, 1, 2, . . . , k}
and if ω(0) 6= 0.
From this point onward, whenever an A-tableau is mentioned, it is always associated with the sequence
A = {0, 1, 2, . . . , k}.
Consider ω(|c|) = [m|c| + r]q where r is a complex number, and |c| is the length of column l of an
A-tableau in TAr (k, n− k). Then
W ∗m,r[n, k] =
∑
φ∈TAr (k,n−k)
∏
c∈φ
ω(|c|).
Suppose
φ1 is a tableau with k − l columns whose lengths are in the set
{0, 1, . . . , l}, and
φ2 be a tableau with n− k − j columns whose lengths are in the
set {l + 1, l+ 2, . . . , l + j + 1}
Then
φ1 ∈ T
A1(l, k − l) and φ2 ∈ T
A2(j, n− k − j)
where A1 = {0, 1, . . . , l} and A2 = {l+1, l+2, . . . , l+j+1}. Notice that by joining the columns of φ1 and φ2,
we obtain an A-tableau φ with n−l−j columns whose lengths are in the set A = A1∪A2 = {0, 1, . . . , l+j+1}.
That is, φ ∈ TA(l + j + 1, n− l − j). Then,
∑
φ∈TA(l+j+1,n−l−j)
ωA(φ) =
n−j∑
k=l


∑
φ1∈TA1(l, k−l)
ωA1(φ1)




∑
φ2∈TA2 (j, n−k−j)
ωA2(φ2)

 .
Note that ∑
φ2∈TA2(j, n−k−j)
ωA2(φ2) =
∑
φ2∈TA2(j, n−k−j)
∏
c∈φ2
[m|c|+ r]q
=
∑
l+1≤g1≤...≤g n−k−j≤ l+j+1
n−k−j∏
i=1
[mgi + r]q
=
∑
0≤g1≤...≤g n−k−j≤j
n−k−j∏
i=1
[mgi +m(l + 1) + r]q.
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Thus,
∑
0≤g1≤...≤gn−l−j≤l+j+1
n−l−j∏
i=1
[mgi + r]q
=
n−j∑
k=l


∑
0≤g1≤...≤gk−l≤l
k−l∏
i=1
[mgi + r]q




∑
0≤g1≤...≤gn−k−j≤j
n−k−j∏
i=1
[mgi +m(l + 1) + r]q

.
Then the q-analogue W ∗m,r[n, k] satisfies the following convolution-type identity
W ∗m,r[n+ 1, l+ j + 1]q =
n∑
k=0
W ∗m,r[k, l]qW
∗
m,r+m(l+1)[n− k, j]q.
Using the same argument above with
φ1 be a tableau with l − k columns whose lengths are in
A1 = {0, 1, . . . , k}, and
φ2 be a tableau with j − n+ k columns whose lengths are in
A2 = {k, k + 1, . . . , n}.
That is, φ1 ∈ T
A1(k, l − k) and φ2 ∈ T
A2(n− k, j − n+ k). We can easily obtain the following convolution
formula:
W ∗m,r[l + j, n]q =
n−j∑
k=l
W ∗m,r[l, k]qW
∗
m,r+mk[j, n− k]q.
This can further be written as
W ∗m,r[s+ p, t]q =
min{t,s}∑
k=max{0,t−p}
W ∗m,r[s, k]qW
∗
m,r+mk[p, t− k]q.
Replacing s with s+ i, p with j, and t with s+ j, we get
W ∗m,r[s+ i+ j, s+ j]q =
min{s+j,s+i}∑
k=s
W ∗m,r[s+ i, k]qW
∗
m,r+mk[j, s+ j − k]q.
This gives the following LU factorization of the matrix

W ∗m,r[s, s]q W
∗
m,r[s+ 1, s+ 1]q . . . W
∗
m,r[s+ n, s+ n]q
W ∗m,r[s+ 1, s]q W
∗
m,r[s+ 2, s+ 1]q . . . W
∗
m,r[s+ n+ 1, s+ n]q
...
... . . .
...
W ∗m,r[s+ n, s]q W
∗
m,r[s+ n+ 1, s+ 1]q . . . W
∗
m,r[s+ 2n, s+ n]q


=


W ∗m,r[s, s]q 0 . . . 0
W ∗m,r[s+ 1, s]q W
∗
m,r[s+ 1, s+ 1]q . . . 0
...
... . . .
...
W ∗m,r[s+ n, s]q W
∗
m,r[s+ n, s+ 1]q . . . W
∗
m,r[s+ n, s+ n]q


×


W ∗m,r+ms[0, 0]q W
∗
m,r+ms[1, 1]q . . . W
∗
m,r+ms[n, n]q
0 W ∗
m,r+m(s+1)[1, 0]q . . . W
∗
m,r+m(s+1)[n, n− 1]q
...
... . . .
...
0 0 . . . W ∗
m,r+m(s+n)[n, 0]q

 .
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This implies that
det
(
W ∗m,r[s+ i+ j, s+ j]q
)
0≤i,j≤n
=
(
n∏
k=0
W ∗m,r[s+ k, s+ k]q
)(
n∏
k=0
W ∗m,r+m(s+k)[k, 0]q
)
.
Using equation (25) and the fact that W ∗m,r[n, n]q = 1, we have the following theorem.
Theorem 4.1. For nonnegative integers n and k, the Hankel transform for Wm,r[n, k]q is given by
det
(
W ∗m,r[s+ i+ j, s+ j]q
)
0≤i,j≤n
=
n∏
k=0
[m(s+ k) + r]kq . (26)
When q → 1, the Hankel transform in Theorem 4.1 yields the Hankel transform for the r-Whitney
numbers of the second kind. More precisely,
det (Wm,r(s+ i+ j, s+ j))0≤i,j≤n =
n∏
k=0
(m(s+ k) + r)k.
This further gives the Hankel transform for the classical Stirling numbers of the second kind when (m, r) =
(1, 0). That is,
det (S(s+ i+ j, s+ j))0≤i,j≤n =
n∏
k=0
(s+ k)k.
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